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R e s e a r c h  M e m o r a n d a  are i n f o r m a l  pub l i ca t ions  
r e l a t i n g  t o  ongoing o r  projected areas of re- 
search a t  I I A S A .  T h e  v i e w s  expressed are 
those of t h e  au tho r s ,  and do n o t  n e c e s s a r i l y  
ref lec t  those  of I I A S A .  
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Summarv 
Often s e v e r a l  c i t i e s  d i s cha rge  t h e i r  sewage i n t o  
a  s i n g l e  r i v e r .  Such c i t i e s  a r e  concerned wi th  t h e  
wate r  q u a l i t y  of t h e  r i v e r  a s  it flows p a s t  them and 
wi th  t h e  c o s t s  a s s o c i a t e d  wi th  t r ea tmen t .  A u t i l i t y  
func t ion  f o r  each c i t y  d e s c r i b e s  t h e  t r a d e - o f f s .  
P re fe rences  o f t e n  c o n f l i c t :  t h e  c i t i e s  downstream 
wish t h a t  t h o s e  upstream would t r e a t  t h e i r  waste 
more i n t e n s i v e l y .  Ambient cond i t i ons  i n  t h e  r i v e r  ' 
a r e  u n c e r t a i n  b u t  can be expressed  i n  t e r m s  of  
p r o b a b i l i t y  d e n s i t i e s .  
The paper  d e s c r i b e s  approaches t o  f i n d i n g  
admiss ib le  s o l u t i o n s  t o  t h e  mu l t i - i n t e r e s t -g roup  
wa te r  r e sou rce  problem using P a r e t i a n  a n a l y s i s  and 
op t imal  c o n t r o l  t heo ry .  An example i s  so lved ,  and 
ex t ens ions  a r e  d i scus sed .  
I n t r o d u c t i o n  
Water f lowing through a  r i v e r  o f t e n  s e r v e s  s e v e r a l  pur- 
poses ,  and s e v e r a l  d e c i s i o n  makers a f f e c t  i t s  q u a l i t y .  For  
i n s t a n c e ,  s e v e r a l  c i t i e s  may d i scha rge  t h e i r  processed sewage 
i n t o  t h e  same reach  o f  t h e  r i v e r .  Each c i t y  a c t s  i n  i t s  own 
i n t e r e s t ,  o f t e n  t o  t h e  de t r imen t  o f  t h o s e  downstream; when 
waste  hand l ing  c a p a c i t y  d e c r e a s e s ,  o r  when water  q u a l i t y  
d e t e r i o r a t e s ,  c o n f l i c t s  r e s u l t .  The format ion of r e g i o n a l  
wa te r  r e sou rce  a u t h o r i t i e s  i s  one a t tempt  t o  coo rd ina t e  
wa te r  q u a l i t y  management, b u t  such agenc ies  o f t e n  become em-  
b r o i l e d  i n  q u e s t i o n s  o f  basin-wide e f f i c i e n c y  (Clough and 
Bayer [ 2 ] )  and ignore  t h e  c o n f l i c t i n g  p re fe rences  of  t h e i r  
cons t i t uency .  When r e g u l a t o r y  agenc ies  make d e c i s i o n s ,  t hey  
a r e  f aced  wi th :  
1) a  number of  i n t e r e s t  groups,  
2) t h e  m u l t i p l e  o b j e c t i v e s  of  t h e s e  i n t e r e s t  groups,  
3) l i m i t e d  i n f o r m a t i o n  on how d i f f e r e n t  d e c i s i o n s  
a f  f e c t  t h e  g roups ,  
4 )  u n c e r t a i n t i e s  ( e . g .  s t r eam f low,  t r e a t m e n t  p l a n t  
e f f i c i e n c i e s ,  e f f l u e n t  d i s c h a r g e s ) .  
A h o s t  of  a d m i n i s t r a t i v e ,  r e g u l a t o r y ,  j u d i c i a l ,  and 
a d v i s o r y  b o d i e s  a r e  i n v o lve d  i n  t h e  c o n t r o l  o f  aqueous 
p o l l u t a n t s .  They--along w i t h  f e d e r a l  a g e n c i e s ,  c i t i e s ,  
and v a r i o u s  p r i v a t e  and p u b l i c  i n t e r v e n o r s - - p a r t i c i p a t e  i n  
a  complex decision-making p roc e s s  w i t h  a  h i g h l y  c on t rove r -  
s i a l  se t  of  a l t e r n a t i v e s .  Y e t  r e g i o n a l  and l o c a l  a ge nc i e s  
o f t e n  have a  s e v e r e l y  l i m i t e d  c a p a c i t y  t o  conduct  t h e i r  own 
a n a l y s e s  o f  many of  t h e  i s s u e s  t h e y  a r e  c a l l e d  upon t o  
dec i de .  
Th i s  i s  n o t  t o  s a y  t h a t  no a n a l y t i c  t e c h n i q u e s  f o r  
p o l i t i c a l  d e c i s i o n  making a r e  a v a i l a b l e .  There  h a s  been 
much r e c e n t  i n t e r e s t  i n  models o f  p o l i t i c a l  c o n f l i c t ,  a s  
exp re s s ed  i n  t h e  use  o f  such  t o o l s  a s  metagame the o ry  
( H i p e l ,  Ragade , and Unny [8] ) and v o t e  t r a d i n g  (H a e fe l e  [7] ) ; 
y e t  t h e r e  a r e  remarkably few economic t e c h n i q u e s  f o r  modeling 
t h e  p o l i t i c a l  decision-making p roc e s s .  Consequent ly ,  many 
r e s e a r c h e r s  use  P a r e t i a n  a n a l y s i s  t o  g a i n  i n s i g h t  i n t o  t h e  
outcomes o f  pr imary i n t e r e s t .  
A d e c i s i o n  i s  s a i d  t o  be  Pa re to - a dm is s ib l e  i f  i t  i s  
f e a s i b l e  from a  t e c h n o l o g i c a l  v iewpoin t  and i f  t h e r e  i s  no 
o t h e r  d e c i s i o n  t h a t  i s  p r e f e r r e d  by some i n t e r e s t  g r o u p ( s )  
and i s  n o t  less p r e f e r r e d  by any o t h e r .  I n  o t h e r  words,  a  
change from a  P a r e to - ad m is s ib l e  d e c i s i o n  t h a t  makes one 
i n t e r e s t  group b e t t e r  o f f  would (by d e f i n i t i o n )  make a n o t h e r  
i n t e r e s t  group worse o f f .  The P a r e t i a n  model i s  used t o  
g e n e r a t e  t h e  se t  of  P a r e to - a dm is s ib l e  outcomes; p o l i t i c a l ,  
economic, and t e c h n o l o g i c a l  c o n s t r a i n t s  l i m i t  t h e  se t  o f  
f e a s i b l e  a l t e r n a t i v e s .  
P a r e t i a n  a n a l y s i s  resembles  what i s  c a l l e d  "m u l t i -  
o b j e c t i v e  p lann ing"  i n  t h e  l i t e r a t u r e  on a p p l i e d  micro- 
economics and c o s t - b e n e f i t  a n a l y s i s .  The two t y p e s  o f  
a n a l y s i s  may be s i m i l a r  m a the m a t i c a l l y ,  b u t  d i f f e r  i n  t h a t  
c o n v e n t i o n a l  m u l t i - o b j e c t i v e  p l a nn ing  u s u a l l y  c o n s i d e r s  t r a d e -  
o f f s  among a b s t r a c t l y  d e f i n e d  s o c i a l  o b j e c t i v e s  (Cohon and 
Marks [3] , Monarchi,  K i s i e l  and Duckste in  [ll] , and Vemuri 
[16] ; whereas P a r e t i a n  a n a l y s i s  c o n s i d e r s  t h e  i n t e r e s t  groups  
a c t u a l l y  i n v o lv ed  i n  t r y i n g  t o  i n f l u e n c e  a  p u b l i c  d e c i s i o n ,  
o r  a f f e c t e d  by it, and e s t i m a t e s  t h e  p r e f e r e n c e  o r d e r i n g s  
o f  t h e s e  i n t e r e s t  groups .  
Dorfman and Jacoby [4] c o n s t r u c t e d  a  P a r e t i a n  model o f  
w a t e r  p o l l u t i o n  c o n t r o l  o f  a  h y p o t h e t i c a l  r i v e r  b a s i n  where 
mun i c i p a l ,  i n d u s t . r i a1 ,  and governmental  i n t e r e s t  g roups  i n -  
f l u e n c e  t h e  f i n a l  d e c i s i o n .  I n  t h e i r  model a l l  t h e  i m p o r t a n t  
ambient  c o n d i t i o n s ,  such a s  s t r e am f low,  were d e t e r m i n i s t i c .  
Schaumberg [14] h a s  a p p l i e d  t h e  P a r e t i a n  model t o  t h e  d e c i s i o n -  
making p r o c e s s  t h a t  de te rmines  t h e  ambient  and e f f l u e n t  a i r  
q u a l i t y  s t a n d a r d s  f o r  S y r acuse ,  N e w  York; i n  t h i s  s t u d y  t wind 
s p e e d  and d i r e c t i o n  was determined by a  d i s c r e t e  p r o b a b i l i t y  
d e n s i t y .  I n  b o t h  s t u d i e s ,  f u n c t i o n s  w e r e  l i n e a r i z e d  s o  t h a t  
l i n e a r  programming o p t i m i z a t i o n  r o u t i n e s  cou ld  b e  used .  
F u r t h e r ,  i n  o r d e r  t o  c o n v e r t  a l l  c o s t s  and b e n e f i t s  i n t o  
monetary t e r m s ,  " a l t e r n a t i v e  cos t1 '  and " w i l l i n g n e s s  t o  pay" 
t e c h n i q u e s  w e r e  used.  Gros [ 6 ]  used a  m u l t i - a t t r i b u t e  u t i l i t y  
f u n c t i o n  t o  e s t i m a t e  t h e  p r e f e r e n c e s  o f  e ach  i n t e r e s t  group 
i n v o l v e d  i n  a  n u c l e a r  power p l a n t  s i t i n g  problem. I n  a d d i t i o n ,  
h e  s t u d i e d  t h e  e f f e c t  o f  u n c e r t a i n t y  i n  t h e  r e g u l a t o r y  p r o c e s s  
on t h e  f i n a l  power p l a n t  s i t i n g  d e c i s i o n .  
The p r e s e n t  a n a l y s i s  ex t ends  t h e  p r e v i o u s  e f f o r t s .  W e  
c o n s i d e r  once a g a i n  t h e  problem of  s e v e r a l  c i t i e s  d i s c h a r g i n g  
sewage i n t o  a  s i n g l e  r i v e r .  The c i t ies  have m u l t i p l e  
o b j e c t i v e s ;  m u l t i - a t t r i b u t e  u t i l i t y  f u n c t i o n s  e x p r e s s  t h e i r  
t r a d e - o f f s  among them. St ream f lows a r e  u n c e r t a i n  and a r e  
g i v e n  by con t inuous  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s .  There  is  
no  need t o  l i n e a r i z e  t h e  t e c h n o l o g i c a l  r e l a t i o n s ,  because  
o p t i m a l  c o n t r o l  t e ch n i q u es  a r e  used t o  de te rmine  t h e  a d m i s s i b l e  
d e c i s i o n s .  The r e s u l t i n g  aqueous was te  c o n t r o l  s t r a t e g y  f o r  
each  c i t y ,  depends upon c u r r e n t  f low r a t e s  and p o l l u t i o n  condi-  
t i o n s ,  on t h e  p r o b a b i l i t y  of  t h e s e  s t a t e s  o c c u r r i n g ,  and on 
p e o p l e ' s  p r e f e r e n c e s .  
T h i s  i s  n o t  t h e  f i r s t  s t u d y  t o  app ly  o p t i m a l  c o n t r o l  
t e c h n i q u es  t o  w a t e r  r e s o u r c e  problems (see, f o r  example,  
Young and Beck [17]). T y p i c a l l y ,  such  r e s e a r c h  h a s  been 
concerned w i t h  f i n d i n g  abatement c o n t r o l  t r a j e c t o r i e s  t h a t  
d e v i a t e  a s  l i t t l e  a s  p o s s i b l e  from a  q u a l i t y  s t a n d a r d  chosen 
a  p r i o r i ,  and h a s  t en d ed  t o  i g n o r e  t h e  p r e f e r e n c e s  o f  e ach  o f  
t h e  g roups  i n v o l v e d .  T h i s  a n a l y s i s  a t t e m p t s  t o  i n c l u d e  t h e s e  
p r e f e r e n c e s  e x p l i c i t l y .  
Problem Formula t ion  
- 
Cons ider  n  c i t i e s  i n  a  r e g i o n  t h a t  d i s c h a r g e  t h e i r  
t r e a t e d  sewage i n t o  a  r i v e r  (see F i g u r e  1). C i t y  i d i s c h a r g e s  
w a s t e s  yi i n t o  t h e  r i v e r  and moni to r s  l o c a l  w a t e r  q u a l i t y  i n  
t e r m s  o f  d i s s o l v e d  oxygen wi and b i o l o g i c a l  oxygen demand x  i ' 
Water q u a l i t y  ( w ~ + ~  , xn+l ) i s  measured by t h e  r e g i o n a l  wa t e r  
q u a l i t y  a u t h o r i t y  a s  t h e  r i v e r  f lows  o u t  o f  i t s  j u r i s d i c t i o n .  
The ambient  r i v e r  c o n d i t i o n s  can  be  d e s c r i b e d  by a  q u a n t i t y  q ,  
which h a s  d a i l y  and s e a s o n a l  p e r i o d i c i t y ,  whose p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  p ( q )  i s  known. 
I I AMBIENT 
R I V E R  
CONDITIONS 
9 
F I G U R E  1. RIVER BASIN WITH n P O L L U T E R S  
The r e g i o n a l  a u t h o r i t y  i s  r e s p o n s i b l e  f o r  a d v i s i n g  t h e  
c i t i e s  on was te  t r e a t m e n t  p o l i c i e s  t o  ma in t a in  r e a s o n a b l e  
w a t e r  q u a l i t y  a t  each  c i t y  and a t  t h e  b o r d e r .  These c i t i e s ,  
however, have d i f f e r e n t  p r e f e r e n c e s  f o r  t h e  q u a l i t y  o f  t h e  
w a t e r  a s  i t  f lows  p a s t  them and f o r  money t hey  spend f o r  
t r e a t m e n t ,  and t h e  a u t h o r i t y  wishes  t o  t a k e  t h e s e  i n t o  
accoun t  when recommending t r e a t m e n t  p o l i c i e s .  L e t  
u ~ [ w ~ , x ~ , z ~ ( ~ ~ ) ]  b e  t h e  u t i l i t y  f u n c t i o n  va lue  f o r  c i t y  i 
f o r  w a t e r  q u a l i t y  v a l u e s  o f  wi and xi a t  t h e  c i t y ,  g iven  
t h a t  t h e  c i t y  pays z i (y i )  t o  l i m i t  i ts  d i s c h a r g e  t o  yi t o n s  
of  BOD.^ T h i s  u t i l i t y  f u n c t i o n  d e s c r i b e s  t h e  r e l a t i v e  
p r e f e r e n c e s  o f  hav ing  d i f f e r e n t  v a l u e s  of  w i t  xi ,  and z .  ( y i ) .  
1 
I n  a d d i t i o n ,  f o r  s i t u a t i o n s  i n v o l v i n g  u n c e r t a i n t y ,  t h e  
e x p e c t e d  v a l u e  o f  t h e  u t i l i t y  f u n c t i o n  is  t h e  a p p r o p r i a t e  
g u i d e  f o r  d e c i s i o n  making (von Neumann and Morgenstern [12] , 
and Maass [lo] ) . Th e r e f o r e ,  under  s t o c h a s t i c  r i v e r  c o n d i t i o n s ,  
and where t h e  t r e a t m e n t  l e v e l  depends on r i v e r  c o n d i t i o n s ,  
c i t y  i wants  Ui = $ ui[wi ,x i ,  zi (Yi)]  p ( q )  dq t o  be maximized. 
(The g r e a t e r  t h e  ex p ec t ed  v a l u e ,  t h e  more p r e f e r r e d  t h e  s i t u a -  
t i o n . )  S i n ce  t h e r e  i s  no  t r e a t m e n t  a t  t h e  b o r d e r  (and  hence  
no c o s t )  t h e  u t i l i t y  f u n c t i o n  a t  t h e  bo rde r  is  ~ ~ + ~ ( w ~ + ~  t X n + l )  ' 
L e t  u s  c o n s i d e r  t h e  r e l a t i o n s  t h a t  d e s c r i b e  BOD and DO 
l e v e l s  a l o n g  t h e  r i v e r .  The v a l u e s  a t  c i t y  1 depend o n l y  on 
ambient  c o n d i t i o n s  and can be exp re s sed  a s :  
- 
W e  a r e  assuming t h a t  q  d e s c r i b e s  whatever  needs  t o  be  known 
a b o u t  t h e  ambient  c o n d i t i o n s .  I n  some problems q  can be  a  
v a l u e  d e s c r i b i n g  f low r a t e ,  DO l e v e l  and BOD l e v e l  above 
c i t y  1. I f  t h e s e  l e v e l s  a r e  f u n c t i o n s  of  f low r a t e ,  t h e n  q  
r e p r e s e n t s  j u s t  t h e  f low r a t e ,  t h e  o t h e r  l e v e l s  b e i n g  g iven  
by f u n c t i o n s  o f  t h e  f low r a t e .  
The r e l a t i o n s  t h a t  d e s c r i b e  BOD and DO l e v e l s  e l s ewhe re  
a l o n g  t h e  r i v e r  depend on t h e  t r e a t m e n t  upstream. The v a l u e  
of  BOD a t  c i t y  i + 1, and of  DO a t  c i t y  i + 1, w ~ + ~ ,  
can b e  e x p r e s s e d  a s  f o l l o w s :  
'1n t h e  f o r m u l a t i o n  w e  i g n o r e  wa t e r  t r e a t m e n t  b e f o r e  u s e  
a s  an a l t e r n a t i v e  t o  was te  w a t e r  t r e a t m e n t  and s i d e  payments 
between c i t i e s .  
These l a s t  two e q u a t i o n s  have t h e  form of  t h e  c l a s s i c a l  
S t r e e t e r - P h e l p s  e q u a t i o n s  [15] when t h e  s imple  t r ans fo rma t ion  
from flow r a t e  q  t o  f low t ime between c i t i e s  i s  made. I t  i s  
unders tood t h a t  t h e s e  equa t ions  can r e p r e s e n t  more a c c u r a t e  
r e l a t i o n s h i p s  t han  t h e  S t r ee t e r -Phe lps  by simply adding t o  
t h e i r  arguments. For  l a t e r  a n a l y t i c  convenience l e t  us w r i t e  
t h e s e  r e l a t i o n s h i p s  such t h a t  t h e  f u n c t i o n s  e q u a l  ze ro :  
I n  summary, each c i t y  wishes t o  maximize t h e  expec ted  
va lue  o f  i t s  u t i l i t y ,  Ui = I ui[wi,xi,zi(yi)] p ( q )  dq. 
Each c i t y  can change on ly  i t s  t r ea tmen t  l e v e l  yi and t r y  t o  
i n f l u e n c e  upstream c i t i e s  t o  t r e a t  t h e i r  sewage more i n t e n -  
s i v e l y .  This  i s  s u b j e c t  t o  c o n s t r a i n t s  Ci = 0 and Di = 0 
which d e s c r i b e  t h e  cond i t i ons  a t  downstream p o i n t s .  Pareto-  
admis s ib l e  d e c i s i o n s  can be found a s  fo l lows .  
L e t  us c o n s t r a i n  n  of  t h e  n  + 1 expected va lues  o f  u t i l i t y  
f u n c t i o n s  t o  some a r b i t r a r y  va lue .  L e t  t h e  va lue  f o r  c i t y  j 
be  t h e  uncons t ra ined  one; t h e  cons t r a ined  va lues  a r e  w r i t t e n :  
The mathemat ical  problem of  f i n d i n g  Pare to-admiss ib le  d e c i s i o n s  
can be w r i t t e n :  
maximize U j 
s u b j e c t  t o  
To f i n d  a  s o l u t i o n ,  op t ima l  c o n t r o l  t heo ry  can be used.  A 
Hamil tonian  can be d e f i n e d  a s  fo l lows :  
where X i + l  and a r e  m u l t i p l i e r s ;  t h e  y i l s  a r e  c o n s t a n t s  
such t h a t  y  = 1 and y .  (i # j) a r e  i nc luded ,  s o  t h a t  Ui = Ri. j 1 
Of c o u r s e ,  z ~ + ~  = 0,  wO = 0,  xO = 0 ,  and yo = 0,  s i n c e  t h e s e  
-, 
v a r i a b l e s  do n o t  e x i s t  i n  t h e  model. The n e c e s s a r y  c o n d i t i o n s L  
f o r  t h e  maximum (Bryson and Ho [l] ) a r e :  
s u b j e c t  t o  
Of c o u r s e ,  vary'ing t h e  v a l u e s  o f  Ri changes t h e  s o l u t i o n .  
2 ~ h e  s u f f i c i e n t  c o n d i t i o n s ,  assuming H i s  a  convex f u n c t i o n  
2  2  
o f  x, w ,  z and u ,  a r e :  a ~ / a ~ ?  < 0,  i = 1 ,... , n ;  a  ax: < 0,  
2  1 a ~ / a w Z  < 0 ,  i = 1 ,..., n  + 1. 
The s o l u t i o n s  t o  t h e s e  equa t ions  a r e  a  s e t  of  p o l l u t i o n  
c o n t r o l  s t r a t e g i e s ,  yi I s ,  which depend on ambient s t r eam con- 
d i t i o n s  q ,  t h e  p r o b a b i l i t y  of  a  p a r t i c u l a r  c o n d i t i o n  o c c u r r i n g  
p ( q )  , . t h e  p r e f e r e n c e s  ui, and t h e  p o l l u t i o n  c o n t r o l  of  upstream 
c i t i e s .  By vary ing  t h e  va lues  of R i ,  t h e  complete s e t  of  
Pareto-admiss ible  s o l u t i o n s  can be  ob ta ined .  These s o l u t i o n s  
can be used i n  t h r e e  ways: d e s c r i p t i v e l y ,  p r e d i c t i v e l y ,  and 
p r e s c r i p t i v e l y .  When used d e s c r i p t i v e l y ,  P a r e t i a n  a n a l y s i s  
a t t empt s  t o  i d e n t i f y  t h e  b e n e f i t s  acc ru ing  t o  each i n t e r e s t  
group involved  i n  t h e  decision-making p r o c e s s ,  and t o  e l u c i -  
d a t e  t h e  t r a d e - o f f s  among them. The use of u t i l i t y  f u n c t i o n s  
t o  q u a n t i f y  t h e  b e n e f i t s  t o  each i n t e r e s t  group provides  a  
formal method o f  ana lyz ing  t h e  c r u c i a l  t rade-of f  i s s u e s  and 
c o n s i d e r a t i o n s  of  u n c e r t a i n t y  involved i n  any p o l l u t i o n  con- 
t r o l  d e c i s i o n .  P a r e t i a n  a n a l y s i s  a l s o  prov ides  a  s t r u c t u r e  
f o r  comparing t h e  b e n e f i t s  t o  t h e  d i f f e r e n t  i n t e r e s t  groups 
and i d e n t i f i e s  t h e  c o n f l i c t s  of i n t e r e s t  among them. 
A s  a  p r e d i c t i v e  t o o l  t h e  P a r e t i a n  model i s  used t o  
gene ra t e  a  set  of  d e c i s i o n s  t h a t  i n c l u d e s  t h e  u l t i m a t e  d e c i s i o n .  
I n  t h e  p r e s c r i p t i v e  mode, t h e  model determines  a  s e t  o f  Pareto-  
admiss ib le  a l t e r n a t i v e s  t h a t  a r e  then  in t roduced  i n t o  t h e  
decision-making process .  The a n a l y s i s  o f f e r s  a  se t  of e f f i -  
c i e n t  p l a n s  from which t h e  decision-making group can choose. 
The advantage of  t h e  model i s  t h a t  it f o r c e s  t h e  a n a l y s t  t o  
cons ide r  t h e  b e n e f i t  t o  each i n t e r e s t  group. A l t e r n a t i v e l y ,  
a f t e r  a d e c i s i o n  h a s  been made t h e  a n a l y s t  can check whether 
it i s  admis s ib l e ,  and,  i f  i t  i s  n o t ,  sugges t  an admiss ib le  
d e c i s i o n  t h a t  would make a t  l e a s t  one i n t e r e s t  group b e t t e r  
o f f  w i thou t  making ano the r  worse o f f .  
Example 
Consider t h e  r i v e r  b a s i n  shown i n  F igure  2 ,  wi th  two 
c i t i e s  t h a t  d i s cha rge  was tes  yl and y2 i n t o  t h e  r i v e r .  L e t  
us assume, f o r  s impl j -c i ty  i n  t h i s  d i s c u s s i o n ,  t h a t  BOD l e v e l  
i s  t h e  on ly  environmental  i n d i c a t o r  of  i n t e r e s t ;  each c i t y  
moni tors  t h e  BOD l e v e l  o f  t h e  r i v e r  a s  it f lows p a s t ,  and 
t h e  r e g i o n a l  wate r  q u a l i t y  a u t h o r i t y  measures t h e  BOD l e v e l  
a t  t h e  border .  
The r i v e r  h a s  a  uniform d i s t r i b u t i o n  of s t r eam flow i n  
t h e  month considered.  The maximum flow i s  8.1  x  lo6 m3/day 
6  3  
and t h e  minimum is  4.05 x  10 m /day. There is an e f f l u e n t  
d i s cha rge  upstream which r e s u l t s  i n  a  cons t an t  ambient load 
of 2.7 t o n s  BO~/day a t  c i t y  1. Ci ty  2 ,  wi th  a  popu la t ion  of  
100,000,  i s  32.4 km downstream from c i t y  1 (which a l s o  h a s  
a  popu la t ion  of  100,000) and 4 0  km from t h e  downstream border .  
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F I G U R E  2. EXAMPLE PROBLEM WITH TWO C I T I E S  
AND POLITICAL BORDER 
The c l a s s i c a l  S t r ee t e r -Phe lps  equa t ions  [15] can be  
so lved  t o  y i e l d  va lues  of x2 and x3, t h e  BOD c o n c e n t r a t i o n s  
a t  c i t y  2  and t h e  bo rde r ,  a s  f u n c t i o n s  o f  t h e  ambient BOD 
l e v e l s ,  f low r a t e ,  and d i scha rges  yl and y2.  W e  can r e l a t e  
f low r a t e  q  t o  t i m e  t aken  f o r  a  u n i t  volume t o  t r a v e l  between 
t h e  c i t i e s  and t h e  bo rde r  i n  t h e  fo l lowing  way: 
where 
R 2  i s  t h e  d i s t a n c e ,  i n  metres, between c i t y  1 
and c i t y  2 ,  
t2 i s  t h e  t i m e ,  i n  days ,  a  u n i t  volume t a k e s  t o  
t r a v e l  between c i t y  1 and c i t y  2 ,  
2  A i s  t h e  average c r o s s - s e c t i o n a l  a r e a ,  i n  m , 
of  t h e  r i v e r  between c i t y  1 and c i t y  2 ,  ' 
wi th  q u a n t i t i e s  s u b s c r i p t e d  3  f o r  t h e  r i v e r  between c i t y  2  
and t h e  border .  
The r e l a t i o n s h i p  of BOD a t  one p o i n t  t o  BOD a t  a  p rev ious  
p o i n t  can be  w r i t t e n :  
c3 = (x2 + y2/q) exp (-kR3A3/q) - x3 = 0 I 
where 
and k  i s  t h e  r a t e  c o n s t a n t  f o r  BOD decay. 
W e  assume t h a t  each c i t y  has  a  t e r t i a r y  waste  t r e a t m e n t  
p l a n t .  ( I n  t h e  n e x t  s e c t i o n  w e  w i l l  show how t h e  model can 
be used t o  dec ide  on p l a n t  type  and c o s t . )  F igure  3  shows, 
f o r  each c i t y  i,, t h e  r e l a t i o n s h i p  between o p e r a t i o n a l  t r e a t -  
ment c o s t s  and d i scha rge  used i n  ou r  example: 
6 
wi th  a = $219 x 10 , B = 1.0. The c o s t  f u n c t i o n  i s  c o n s i s t e n t  
wi th  i n c r e a s i n g  marginal  c o s t s  a s  t r e a t m e n t  improves. 
y i  WASTE DISCHARGE (TONS BOD /DAY ) 
FIGURE 3. OPERATIONAL TREATMENT COSTS 
I f  c e r t a i n  reasonable  axioms a r e  s a t i s f i e d  ( P r a t t ,  R a i f f a ,  
and S c h l a i f e r  [13]), i t  i s  p o s s i b l e  t o  f i n d  a  u t i l i t y  f u n c t i o n  
f o r  each i n t e r e s t  group whose expec ted  va lue  i s  a  guide f o r  
d e c i s i o n  making. These u t i l i t y  f u n c t i o n s  exp res s  peop le ' s  
p r e fe rences  f o r  c e r t a i n  outcomes, a long w i t h  t h e i r  p r e fe rences  
i n  s i t u a t i o n s  i n v o l v i n g  u n c e r t a i n t y .  W e  assume t h a t  each 
c i t y  is  concerned wi th  t h e  BOD o f  t h e  r i v e r  f lowing p a s t  i t ,  
and wi th  t h e  c o s t s  it pays f o r  t r ea tmen t .  W e  can r e p r e s e n t  
t h e  u t i l i t y  f u n c t i o n s  a s  fol lows:  
U t i l i t y  f u n c t i o n s  a r e  g e n e r a l l y  s c a l e d  from 0 f o r  t h e  l e a s t  
p r e f e r r e d  s i t u a t i o n  t o  1 f o r  t h e  most p r e f e r r e d  s i t u a t i o n .  
Much work h a s  been done on developing techniques  t o  
a s s e s s  u t i l i t y  f u n c t i o n s ,  on f i n d i n g  p r o p e r t i e s  o f  t h e s e  
f u n c t i o n s ,  and on f i n d i n g  under what cond i t i ons  u t i l i t y  
f u n c t i o n s  can b e  w r i t t e n  i n  s imple  forms (Keeney [9], and 
Gros [6] ) . Often ,  s i n g l e - a t t r i b u t e  u t i l i t y  func t ions  
e x h i b i t  r i s k  ave r s ion .  This  p roper ty  can b e s t  be  exp la ined  
i n  terms of  a  s imple  example. L e t  us cons ide r  t h e  l o t t e r y  
where, i f  a  f l i p p e d .  ( f a i r )  co in  t u r n s  up heads ( p r o b a b i l i t y  
. 5 ) ,  t h e  most expensive t r ea tmen t  i s  used ( i n  o u r  example, 
t h i s  t r ea tmen t  c o s t s  $2000/day); and i f  t h e  c o i n  t u r n s  up 
t a i l s  ( p r o b a b i l i t y  .5), t h e  l e a s t  expensive is  used 
( c o s t i n g  $312) .  A l t e r n a t i v e l y ,  t h e r e  i s  an o f f e r  of  u s ing  
a  t r e a t m e n t  whose c o s t  i s  t h e  numerical  average of  t h e  most 
expensive and l e a s t  expensive ($1156/day). Most people  
would choose t h e  second a l t e r n a t i v e ,  t h e  average t r e a t m e n t  
c o s t ,  i n s t e a d  of  r i s k i n g  t h e  l o t t e r y .  This  behavior  i s  
r e f e r r e d  t o  a s  t h e  a s s e s s o r  be ing  r i s k  ave r se  ove r  t r e a t -  
ment c o s t s ,  and t h e  u t i l i t y  func t ion  can r e f l e c t  t h i s .  
L e t  us assume t h a t  c i t y  1 i s  r i s k  ave r se ,  a  reasonable  
assumption,  and t h a t  i t s  councilmen were in te rv iewed so  t h a t  
t h e i r  r i s k  p r e f e r e n c e s  could be q u a n t i f i e d .  A p o s s i b l e  
r e s u l t  o f  t h i s  q u e s t i o n i n g  is t h a t ,  when faced  wi th  a  t reat-  
ment c o s t  o f  $1'641, t h e  councilmen w e r e  i n d i f f e r e n t  t o  t h e  
choice  between t h i s  t r e a t m e n t  f o r  c e r t a i n ,  and t h e  l o t t e r y .  
Thus, t h e  t r e a t m e n t  c o s t i n g  $1641 is  c a l l e d  t h e  c e r t a i n t y  
e q u i v a l e n t  o f  t h e  lot tery.  L e t  us s c a l e  t h e  s i n g l e - a t t r i b u t e  
u t i l i t y  f u n c t i o n  f o r  c o s t .  The m o s t  p r e f e r r e d  va lue ,  $312, 
should  have a u t i l i t y  va lue  o f  1, so ~ ~ ( 3 1 2 )  = 1; and t h e  
least p r e f e r r e d  v a l u e ,  $2000, should  have a  u t i l i t y  va lue  
of 0,  ~ ~ ( 2 0 0 0 )  = 0. Now $1641, be ing  t h e  c e r t a i n t y  e q u i v a l e n t  
of  t h e  l o t t e r y ,  ha s  t h e  same u t i l i t y  va lue  a s  t h e  expec ted  
u t i l i t y  va lue  o f  t h e  l o t t e r y :  ~ ~ ( 1 6 4 1 )  = .5u(2000) + .5u(312) 
= . 5  (1) + .5  (0) = .5. One form of s i n g l e - a t t r i b u t e  u t i l i t y  
f u n c t i o n  t h a t  e x h i b i t s  r i s k  ave r s ion  i s  t h e  exponen t i a l :  
u  (z i )  = a m  {I - exp [bi(zi - z*)]) , 
z , i  i 1 
where z* i s  t h e  most expensive  t r ea tmen t  c o s t ,  and a: and bi 
1 
a r e  c o n s t a n t s .  For c i t y  1, w i t h  t h e  above c e r t a i n t y  equiva-  
l e n t ,  a; = 1.0503 and bl  = .0018. (The e x p o n e n t i a l  form 
e x h i b i t s  c e r t a i n  r i s k  p re f e r ences ;  i n  p r a c t i c e ,  t h e  a n a l y s t  
conf i rms whether  t h e s e  ho ld  be fo re  u s ing  t h i s  form.) 
These s i n g l e - a t t r i b u t e  u t i l i t y  f u n c t i o n s  a r e  t hen  
combined f o r  each c i t y  i n  a  l o g i c a l  f a s h i o n ,  u s i n g  responses  
from t h e  councilmen t o  d e f i n e  t h e  l o g i c .  I f  c e r t a i n  r e f e r -  
ence-independence p r o p e r t i e s  a r e  s a t i s f i e d l  (Keeney [9 7 ) , 
t h e  t w o - a t t r i b u t e  u t i l i t y  func t ion  can be  expressed  i n  a  
s u m  form: 
I n  o u r  example, it i s  assumed t h a t  t h e  t w o - a t t r i b u t e  u t i l i t y  
f u n c t i o n  f o r  each c i t y  can be  expressed  i n  t h i s  sum form, 
and t h e  s i n g l e - a t t r i b u t e  u t i l i t y  f u n c t i o n s  i n  an e x p o n e n t i a l  
form; t h a t  i s ,  
u  i = a  i (1 - exp [bi (zi- z;)]) + gi{l - exp [hi (xi  - x*)]) . 
1 
For t h i s  example, t h e  fo l lowing  c o n s t a n t s  a r e  used: 
The s i n g l e - a t t r i b u t e  u t i l i t y  f u n c t i o n  cu rves  f o r  c i t y  1 a r e  
shown i n  F i g u r e  4 .  
A s  b e f o r e ,  t h e  Hamil tonian  can be d e f i n e d  a s :  
The n e c e s s a r y  c o n d i t i o n s  f o r  a  maximum a r e :  
i f  y1 = 1 and y 2 , y 3  a r e  c o n s t a n t s .  
R e s u l t s  
The set  of  s i m u l t aneous  n o n l i n e a r  e q u a t i o n s  was s o l v e d  
f o r  xl ,  x 2 ,  x3 ,  y l ,  y 2 ,  h l  and X 2  a s  a  f u n c t i o n  o f  q .  
T a b l e  1 r e p r e s e n t s  a  t y p i c a l  c o n t r o l  s t r a t e g y  A f o r  o u r  
example. The ex p ec t ed  u t i l i t y  f u n c t i o n  va lue  f o r  c i t y  1 
i s  .955; t h e  v a l u e s  f o r  c i t y  2  and a t  t h e  b o r d e r  a r e  
c o n s t r a i n e d  t o  be  R2 = .702 and R3 = .722,  r e s p e c t i v e l y .  
A s  t h e  f low r a t e  i n  t h e  r i v e r  d e c r e a s e s ,  t h e  t r e a t m e n t  a t  
each  c i t y  i n c r e a s e s  and t h e  d i s c h a r g e s ,  y i ,  a r e  reduced.  
The f low r a t e  i s  r e l a t e d  t o  t h e  BOD l e v e l  downstream through 
two mechanisms: (i) t h e  lower  t h e  f low r a t e ,  t h e  l onge r  t h e  
f low t i m e  between t h e  c i t i e s ,  and t h e  g r e a t e r  t h e  decay of  
BOD t h a t  can t a k e  p l a c e ;  (ii) t h e  lower t h e  f low r a t e ,  t h e  
lower t h e  amount o f  d i l u t i o n  t h a t  t a k e s  p l a c e .  From o u r  
r e s u l t s ,  t h e  second e f f e c t  dominates.  F i g u r e  5  i l l u s t r a t e s  t h e  
c o n t r o l  t r a j e c t o r i e s  and r e s u l t i n g  wa t e r  q u a l i t y  a t  t h e  
c i t i e s  and t h e  b o r d e r .  For  o t h e r  v a l u e s  o f  R i ,  a  d i f f e r e n t  
c o n t r o l  s t r a t e g y  r e s u l t s ;  a  second s t r a t e g y  B,  w i t h  R2 = .953 
and R3 = .318 was s t u d i e d ,  and t h e  r e s u l t s  o f  t h e  two 
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FIGURE 4. UTILITY FOR WATER QUALITY 
AND TREATMENT COSTS 
Table 1. Cont ro l  t r a j e c t o r i e s  and wa te r  q u a l i t y  f o r  
S t r a t e g y  A.  
8 3 q  = 10 m /day 
Y i = t o n s  BOD/day 
x = mg/l BOD i 
FIG 
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URE 5. CONTROL STRATEGY A AND 
WATER QUALITY FOR TWO 
CITIES AND THE BORDER 
s t r a t e g i e s  a r e  compared i n  Table  2 .  S t r a t e g y  B r e s u l t s  i n  
high BOD l e v e l s  a t  t h e  border  wi th  low t r e a t m e n t  by c i t y  2 ,  
whereas s t r a t e g y  A has  lower BOD l e v e l s  a t  t h e  bo rde r  a t  t h e  
expense of  c i t y  2. The p o l l u t i o n  c o n t r o l  a u t h o r i t i e s  can 
r ega rd  t h e  se t  of such c o n t r o l  s t r a t e g i e s ,  a long  wi th  t h e i r  
a s s o c i a t e d  expected u t i l i t y  f u n c t i o n s ,  a s  a i d s  i n  e s t a b l i s h i n g  
t h e i r  r e g u l a t i o n s .  
Extensions  
There a r e  many e x t e n s i o n s  of t h e  model t h a t  r e s u l t  i n  
s imple  a d d i t i o n s  t o  t h e  mathematical  format .  L e t  us suppose 
t h a t  some h i g h e r  p o l l u t i o n  c o n t r o l  a u t h o r i t y  r e q u i r e s  t h e  
r i v e r  q u a l i t y  a t  t h e  bo rde r  t o  m e e t  some s t anda rd .  F u r t h e r ,  
t h i s  s t a n d a r d  i s  - expressed  i n  terms of a  maximum BOD l e v e l  
a t  t h e  bo rde r ,  x ~ + ~ .  Mathematically,  t h i s  can be expressed  a s  
f o r  a l l  cond i t i ons .  I n  o r d e r  t o  i n c o r p o r a t e  t h i s  c o n s t r a i n t  
i n  t h e  a n a l y s i s ,  t h e  t e r m  @ ( x ~ + ~  - P ) can be added t o  t h e  
n + l  
Hamiltonian,  where 
and t h e  necessary  c o n d i t i o n s  could  be  found a s  b e f o r e .  5 
The model, a s  p re sen ted  i n  previous  s e c t i o n s ,  i s  b e s t  
used when each c i t y  a l r eady  possesses  was te  t r e a t m e n t  f a c i l i -  
t ies.  With minor a d d i t i o n s t i t  can be  extended t o  i nc lude  
c a p i t a l  investments .  L e t  yi, be  t h e  minimum amount of  BOD 
d i scha rged  from c i t y  i; t h a t  i s ,  yi, 5 yi f o r  a l l  s t r eam 
c o n d i t i o n s .  This  minimum amount i s  t h e  va lue  t h e  t r e a t m e n t  
p l a n t  must be  designed t o  m e e t .  Associated wi th  t h i s  des ign  
a r e  c a p i t a l  c o s t s  z (yi,) , and o p e r a t i n g  c o s t s  z (yi,yi* cap  OP 1 
necessary  t o  achieve an in s t an t aneous  d i scha rge  of y  i '  Our 
3 ~ f  t h e  s t a n d a r d  l e v e l  i s  a l s o  t o  be  found by t h e  model, 
t h e  u t i l i t y  f u n c t i o n s  must be  augmented t o  i n c l u d e  t h e  
s t a n d a r d  l e v e l ,  and t h e  a d d i t i o n a l  necessary  c o n d i t i o n  
a H / a j m + l  = 0 must be  s a t i s f i e d .  
T a b l e  2 .  A l t e r n a t i v e  c o n t r o l  s t ra tegies .  
day 
C o n t r o l  S t r a t e g y  A  
C i t y  1 5 . 1  2 6 . 8  8 1 6 . 5 9  . 9 5 5  
C i t y  2  5 . 3 8  1 5 . 2  1 4 3 8 . 0 0  . 7 0 2  
B o r d e r  8 . 1 6  -- -- - 7 2 2  
C o n t r o l  S t r a t e g y  B  
C i t y  1 5 . 1  2 7 . 9  7 8 5 . 8 7  . 9  6 0  
C i t y  2  5 . 5 7  3 9 . 3  5 5 7 . 0 2  . 9 5 3  
B o r d e r  1 2 . 7 8  -- -- . 3 1 8  
- 
6 = expected v a l u e s  
u t i l i t y  f u n c t i o n  can  b e  expanded t o  ui(xi,wi lZcapf 'op 1 t o  
i n c l u d e  p l a n t  d e s i g n  v a r i a b l e s .  S i m i l a r  t o  t h e  p r e v i o u s  
e x t e n s i o n ,  a term o f  t h e  form $(y i ,  - yi) would be added t o  
t h e  Hamil tonian ,  w i t h  
> o  1 
- i f  yiX - yi = 0 
= O  , i f  y . ,  - y i  
1 
< 0 
S i n c e  y . ,  i s  a  v a r i a b l e ,  an  a d d i t i o n a l  n e c e s s a r y  c o n d i t i o n ,  
1 
must be s a t i s f i e d .  
The problem cou ld  d i f f e r  i n  o t h e r  ways. Pe rhaps  t h e  
p r e f e r e n c e s  o f  c i t y  1 depend upon what c i t y  2  pays f o r  i t s  
t r e a t m e n t .  To i n c l u d e  t h i s  f a c t o r ,  t h e  c o s t  t o  c i t y  2  can  
be one o f  t h e  arguments o f  t h e  u t i l i t y  f u n c t i o n  o f  c i t y  1, 
1.e. u1 ( w ~ ' x ~ , z ~ , z ~ )  O r ,  s i m i l a r l y ,  c i t y  1 may be con- 
c e r n e d  w i t h  t h e  BOD l e v e l  a t  c i t y  2 ,  r e s u l t i n g  i n  
u1 (w1,x1,x2,z1). I t  s h o u l d  be obvious  t h a t  t h e s e  and o t h e r  
changes can  be i n c o r p o r a t e d  i n  t h e  model i n  a  s t r a i g h t f o r w a r d  
manner. 
Conc lus ions  
A method o f  f i n d i n g  Pa re to - admis s ib l e  s o l u t i o n s  f o r  t h e  
m u l t i - i n t e r e s t - g r o u p  w a t e r  r e s o u r c e  problem has  been d e s c r i b e d .  
I t  was assumed t h a t  each  group wants  t o  maximize t h e  expec t ed  
v a l u e  o f  i t s  u t i l i t y ;  t h a t  stream flows w e r e  s t o c h a s t i c ;  and 
t h a t  a p o l l u t i o n  c o n t r o l  a u t h o r i t y  e x i s t s .  To f i n d  a  s o l u t i o n ,  
a  set  o f  s imul taneous  n o n l i n e a r  e q u a t i o n s  had t o  be s o l v e d .  
The a p p l i c a b i l i t y  o f  t h i s  t y p e  o f  a n a l y s i s  t o  l a r g e - s c a l e  
problems depends upon o b t a i n i n g  r e a l i s t i c  u t i l i t y  f u n c t i o n s ,  
and upon hav ing  computer t e chn iques  t h a t  can  f i n d  s o l u t i o n s  
t o  problems w i t b  l a r g e  numbers o f  s imul taneous  n o n l i n e a r  
e q u a t i o n s .  
Nota t ion  
bi 
BOD 
c r o s s - s e c t i o n a l  a r e a  of  r i v e r  a t  c i t y  i ,  i n  m 2  
weigh t  f o r  u t i l i t y  f u n c t i o n  u  i n  t h e  m u l t i -  
z  t i '  
a t t r i b u t e  u t i l i t y  f u n c t i o n  
weight  f o r  t h e  s i n g l e  a t t r i b u t e  u t i l i t y  f u n c t i o n  
f o r  BOD s c a l e d  from 0 t o  1 
paramete r  o f  uZ 
b i o l o g i c a l  oxygen demand 
BOD c o n t r o l  c o n s t r a i n t  f o r  r e ach  i of r i v e r  
BOD c o n t r o l  c o n s t r a i n t  f o r  r e ach  i of r i v e r  
exp re s sed  s o  c o n s t r a i n t  e q u a l s  0 
d i s s o l v e d  oxygen 
DO c o n t r o l  c o n s t r a i n t  f o r  r e ach  i of  t h e  r i v e r  
DO c o n t r o l  c o n s t r a i n t  f o r  r each  i exp re s sed  s o  
c o n s t r a i n t  e q u a l s  0 
weigh t  f o r  u t i l i t y  f u n c t i o n  ux i n  t h e  m u l t i -  
t i  
a t t r i b u t e  u t i l i t y  f u n c t i o n  
we igh t  f o r  t h e  s i n g l e  a t t r i b u t e  u t i l i t y  f u n c t i o n  
f o r  c o s t  s c a l e d  from 0 t o  1 
t h e  Hamil tonian  
pa ramete r  o f  ux t i  
c i t y  f o r  which t h e  expec t ed  va lue  o f  i t s  u t i l i t y  
f u n c t i o n  i s  maximized 
r a t e  c o n s t a n t  f o r  BOD decay,  .23/day 
d i s t a n c e  from c i t y  i - 1 t o  c i t y  i ,  i n  metres 
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  q  
ambient  c o n d i t i o n s  i n  t h e  r i v e r  
Ri c o n s t r a i n e d  va lue  o f  expected u t i l i t y  f o r  c i t y  i 
ti t i m e  t aken  f o r  a  u n i t  volume of  wate r  t o  pass  from 
c i t y  i - 1 t o  c i t y  i,  i n  days 
u  u t i l i t y  f o r  wate r  q u a l i t y  of  c i t y  i 
x , i  
u u t i l i t y  f o r  t r ea tmen t  c o s t s  of c i t y  i 
z , i  
u u t i l i t y  f o r  q u a l i t y  and c o s t s  o f  c i t y  i i 
Un+l u t i l i t y  f o r  q u a l i t y  a t  t h e  border  
w DO concen t r a t i on  a t  c i t y  i ,  mg/l i 
X i BOD concen t r a t i on  a t  c i t y  i ,  mg/l 
x; maximum p o s s i b l e  BOD concen t r a t i on  a t  c i t y  i 
- 
X 
n + l  s t a n d a r d  on BOD a t  border  
Y i  e f f l u e n t  a t  c i t y  i ,  t ons  BOD/day 
Yi* minimum amount of  yi d i scharged  from c i t y  i 
z c o s t  o f  t r e a t m e n t  t o  reduce e f f l u e n t  t o  yi ,  $/day i 
c a p i t a l  c o s t  of a  t r ea tmen t  p l a n t  a t  c i t y  i ,  i n  $ 
z  (yi ,yi*) o p e r a t i n g  c o s t  o f  a  t r ea tmen t  p l a n t  a t  c i t y  i ,  i n  $ OP 
z; maximum p o s s i b l e  va lue  of  zi 
a parameter of zi c o s t  func t ion  
B parameter  of  zi c o s t  func t ion  
Y i  m u l t i p l i e r  f o r  expected u t i l i t y  f o r  c i t y  i 
Ai m u l t i p l i e r  f o r  Ci 
p i  m u l t i p l i e r  f o r  Di 
@ m u l t i p l i e r  f o r  s t anda rd  
'4 m u l t i p l i e r  f o r  c a p i t a l  d e c i s i o n s  
6 expected va lue  . 
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